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Abstract
Gravity may be “locally localized” over a wide range of length scales on a d-
dimensional anti-de Sitter (AdS) brane living inside AdSd+1. In this paper we examine
this phenomenon from the point of view of the holographic dual “defect conformal field
theory”. The mode expansion of bulk fields on the gravity side is shown to be precisely
dual to the “boundary operator product expansion” of operators as they approach the
defect. From the field theory point of view, the condition for localization is that a
“reduced operator” appearing in this expansion acquires negative anomalous dimen-
sion. In particular, a very light localized graviton exists when a mode arising from the
reduction of the ambient stress-energy tensor to the defect has conformal dimension
∆ ∼ d− 1. The part of the stress tensor containing the defect dynamics has dimension
∆ = d−1 in the free theory, but we argue that it acquires a positive anomalous dimen-
sion in the interacting theory, and does not participate in localization in the regime of
small backreaction of the brane. We demonstrate that such an anomalous dimension
is consistent with the conservation of the full stress-energy tensor. Finally, we analyze
how to compute the anomalous dimensions of reduced operators from gravity at leading
order in the interactions with the brane.
1 Introduction and Summary
It was suggested a long time ago [1] that the 3+1-dimensional world that we perceive around
us could be merely a subspace of a higher-dimensional non-compact universe, provided the
phenomena we observe are somehow localized to this subspace. The main obstacle to realizing
this suggestion lies in reconciling it with the nature of gravity, which on the one hand is seen
to display four-dimensional behavior over the entire range of known experiments, but on the
other hand must propagate in all spacetime dimensions due to its geometrical character.
In recent years it has been realized that this obstacle could be overcome if the higher
dimensional space is (asymptotically) anti-de Sitter (AdS) space. Randall and Sundrum
demonstrated [2] that an effective lower-dimensional theory of gravity could be localized
on a flat brane in anti-de Sitter space, providing an alternative to compactification. This
solution involves a fine tuning between the brane tension and the bulk cosmological constant,
so it was natural to ask what happens to localized gravity as the tension is detuned [3, 4, 5, 6].
A larger tension leads to a de Sitter brane and more strongly localized gravity, but decreasing
the tension produces an anti-de Sitter brane and the localized graviton apparently vanishes
from the spectrum. However, it was shown in [7] that for a slight detuning, a massive mode
of the graviton with a hierarchically small mass approximates lower-dimensional gravity over
a range of length scales; this phenomenon was dubbed “locally localized gravity”. So far a
“local localization” of gravity by this phenomenon has only been observed in the context of
low-energy effective field theory. It is interesting to study whether this phenomenon can also
occur within a consistent theory of quantum gravity, such as string theory.
TheAdS/CFT correspondence [8, 9] relates gravitational phenomena in (d+1)-dimensional
anti-de Sitter space to dynamics in a non-gravitational d-dimensional conformal field theory,
which can be visualized as living on the boundary of the anti-de Sitter space. For the flat
brane (as in [2]) and de Sitter brane cases, the solution for the d-dimensional brane in AdSd+1
excises the boundary from the spacetime, so it is subtle to analyze these solutions in the con-
text of the AdS/CFT correspondence. On the other hand, the solution for an anti-de Sitter
brane preserves the boundary of the AdS space-time, intersecting it on a codimension one
subspace.1 Consequently, it was natural to conjecture that this geometry has a holographic
description consisting of a field theory containing a defect or hypersurface, also codimension
one, on which additional dynamics are localized. Because the anti-de Sitter isometries of the
spacetime are broken to the smaller anti-de Sitter group of the brane, the dual field theory
preserves scale invariance as part of a reduced conformal group.
An explicit realization of this correspondence in string theory involving a D3/D5-brane
system in type IIB string theory was suggested in [10]. In this set-up a stack ofM D5-branes
wraps AdS4 × S2 inside the geometry AdS5 × S5 with N units of five-form flux. This is the
near-horizon limit of N D3-branes intersecting orthogonally with M D5-branes along a 2+1
1Note that the AdS brane is not itself a boundary of the space-time.
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dimensional subspace. This system was studied in detail in [11], where the Lagrangian for the
dual “defect conformal field theory” (dCFT) was constructed, and conformal invariance was
proven for the theory with U(1) gauge group. The superconformal symmetry for arbitrary
gauge group was proven by [12]. Other studies of AdS/dCFT and defect quantum field
theories (dQFTs) include [13, 14, 15, 16, 17, 18, 19, 20, 21, 22]; there are many additional
papers on the special case of AdS2 branes in AdS3.
One may then study whether the phenomenon of locally localized gravity is realized in
the D3/D5 system. The gravitational approximation to its dynamics (far away from the
D5-branes) is valid when N ≫ 1 and gsN ≫ 1, where gs is the string coupling. Local
localization of gravity arises only when the backreaction of the branes, proportional to M ,
is taken into account. However, thus far the study of AdS/dCFT has only been possible in
the limit of vanishing backreaction, M ≪ N , where the gravity background may be treated
as a set of probe D5-branes in a fixed anti-de Sitter space. The complete solution including
the backreaction is unknown, although steps toward understanding it have been taken in
[23]. This is an apparent obstacle to the search for local localization in string theory. The
dual dCFT [11], on the other hand, is defined for all M and N , so one could hope to use
the duality to study local localization without finding the backreacted gravity solution. As a
first step, one would like to address the question: what is the realization of local localization
in a dual field theory? In this paper we will propose an answer to this question and justify
our proposal.
The essential point is the familiar correspondence between the mass of a bulk mode and the
conformal dimension of the dual operator. The (d+1)-dimensional graviton can be expanded
in modes propagating on the d-dimensional AdS subspace, and local localization requires
that a mode should be present that has almost vanishing AdSd mass, hence approximating
the behavior of a d-dimensional graviton. This mode implies in the dual field theory the
existence of a (d−1)-dimensional spin-2 operator, resulting from some kind of decomposition
of the d-dimensional stress tensor, with conformal dimension (under the reduced conformal
group) approaching ∆ = d− 1.
From the field theory point of view there seem to be two natural candidates for what this
spin-2 operator, corresponding to the “locally localized stress tensor”, should be. Generally
the full stress tensor of a dQFT can be written in the form
Tµν(~y, x) = Tµν(~y, x) + δ(x) δµk δνl tkl(~y), (1)
where Tµν is the stress tensor in the absence of the defect, composed of d-dimensional fields
only, while tkl is the contribution from defect interactions, including both d- and (d − 1)-
dimensional fields. (Here and below µ, ν, . . . run over the d coordinates of the ambient theory
while k, l, . . . run over the (d−1) coordinates of the defect; we will label the defect coordinates
by ~y and the coordinate perpendicular to the defect by x, with the defect at x = 0.) One
candidate for the locally localized stress tensor is a (d− 1)-dimensional operator arising in a
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power-series expansion of the stress tensor Tµν of the d-dimensional fields around the defect.
Another natural candidate is simply tkl. We shall explore both possibilities.
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The possibility of the localized stress tensor arising in an expansion of Tµν is reminiscent
of the localized graviton appearing in the mode expansion of the full graviton in the original
model of [7]. We will show that the two are indeed related. There is a natural expansion for d-
dimensional operators as they approach the defect, namely the so-called boundary operator
product expansion (BOPE) that is used in quantum theories with planar boundary.3 In
the absence of interactions with the defect the BOPE is just the Taylor expansion of an
operator in the coordinate perpendicular to the defect, and the expansion is just composed
of the “reduced operators” [∂nxO](~y) ≡ ∂nxO(~y, x)|x=0. The interacting BOPE generalizes the
Taylor series and introduces both “reductions” of other d-dimensional operators and (d−1)-
dimensional defect operators into the expansion. We demonstrate that the part of the BOPE
involving reduced operators matches precisely with the decomposition of AdSd+1 bulk fields
into AdSd modes in the gravity theory. The locally localized graviton of the model of [7] can
hence be identified with an operator in the BOPE of the dual stress tensor; it is reasonable
to expect that the generic dual to a theory of “locally localized gravity” will evince similar
behavior. For weak coupling with the defect, the lowest dimension operator appearing in this
BOPE has a dimension close to d, while a very light graviton requires a dimension close to
(d− 1). Thus, strong coupling with the defect is required to realize locally localized gravity
in this way, mirroring the requirement of large backreaction in the gravitational theory.
We also consider the operator tkl. When the field theory is free, this operator has precisely
the right dimension to correspond to an exactly massless localized graviton, so at first sight
it seems a more natural source for localized gravity. The string theory translation of tkl is
different from a “locally localized graviton”, however – instead, it is a spin-2 field living on the
brane itself. Such a field is “naturally localized” on the brane, in contrast with the “locally
localized” examples discussed above. Even though this possibility was not considered in
[1], it has a similar phenomenology to the locally localized case, and it seems natural given
our modern perspective of the many fields living on branes, such as open string modes on
D-branes.
Naively, the conservation of the total stress tensor in (1) means that it has dimension d,
and suggests that tkl should have dimension (d − 1), meaning it should always correspond
to a localized massless graviton. However, we find that despite the conservation of the total
stress tensor, tkl alone is not conserved and accordingly can acquire an anomalous dimension.
2In the formula (1) we assumed that we have interactions localized on the defect; one could also study
theories where the defects just give “boundary conditions” for the d-dimensional fields, as in the D3/NS5
system [24], and then the second term in (1) will not appear and we will only have the first possibility. We
also assumed that we have the same ambient theory on both sides of the defect, though this does not have
to be the case. All of our analysis in this paper will be valid in these other cases as well, with obvious small
modifications.
3The term “defect operator product expansion” (dOPE) was considered and prudently rejected.
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We demonstrate this explicitly in a toy defect quantum field theory, as well as showing how
the related divergence is canceled in correlators of the total stress tensor, as it must be since
the total stress tensor is conserved.
In the case of the D3/D5 system, in the regime where gravity is a good description but the
branes have small backreaction, there is no light spin-2 field living on the D5-branes. Thus,
we argue that in this system tkl acquires a very large anomalous dimension at large gsN and
small gsM , and hence does not lead to a light localized graviton. This will always be the
case in string theory in the limit of small backreaction, since none of the branes of string
theory carry any light spin-2 fields in their worldvolume. Of course, to achieve localization
we necessarily need to have large backreaction of the brane. In this regime it is possible that
the field corresponding to tkl could become light and become relevant for localized gravity.
In general this field mixes with the operators coming from the expansion of Tµν near the
brane, so the localized graviton could also come from a mixture of the two types of fields.
The next three sections of this paper will be devoted to justifying the statements made
above, and computing in field theory the anomalous dimension of operators analogous to tkl.
In the last section we consider calculations in the supergravity limit that are useful for com-
puting the anomalous dimensions of reduced operators at large gsN when the backreaction
is small. These involve the evaluation of two-point functions for d-dimensional operators in
the presence of the brane. At leading order in the interactions with the brane, the Feynman
diagrams with sources at the boundary of AdS space (“Witten diagrams”) [25] generically
have two internal integrations to be performed, and consequently they are similar to four-
point functions in ordinary AdS/CFT. We employ the techniques of “without really trying”
[26], developed for calculating four-point amplitudes, to evaluate the three types of diagrams
contributing to two-point functions at this leading order, for the case of scalar fields. All di-
agrams are seen to produce contributions to the correlation functions with the form dictated
by the reduced conformal invariance. In future work we hope to use these results to study
whether localization of gravity occurs in the D3/D5 system.
Anomalous dimensions appear in perturbation theory multiplying logarithms of the coor-
dinates in correlation functions. One can extract from four-point functions in a non-defect
CFT the anomalous dimensions of operators by analyzing the limit as the operators approach
each other in pairs using the ordinary OPE. Similarly, one may extract the anomalous di-
mensions in our case by examining a two-point function of d-dimensional operators in the
limit as the two operators approach the defect at fixed distance from each other, using the
BOPE. We find that generically reduced operators obtain anomalous dimensions, which are
not related to the anomalous dimensions of the d-dimensional operators that they reduce
from. This is due to the fact that, in the presence of the defect, the process of bringing an op-
erator near the defect leads to divergences and a regularization is required, as for composite
operators.
The organization of this paper is the following. In section 2 we review and elaborate
on some basic facts about dCFTs, the BOPE, and conserved currents. In section 3 we
demonstrate that the decomposition of bulk AdSd+1 fields into AdSd modes directly implies
the BOPE via the AdS/CFT correspondence. This leads us to our proposal for the field
theory interpretation of local localization. In section 4 we perform field theory calculations in
a toy dQFT to demonstrate how the delta-function supported part of a current can acquire
an anomalous dimension without violating conservation for the total current. Finally, in
section 5 we turn to the gravity calculations necessary to extract (in the appropriate limit) the
anomalous dimensions of reduced operators. We evaluate the three possible classes of two-
point functions and interpret the logarithms that appear in terms of anomalous dimensions.
An appendix summarizes some conventions which are useful for section 4.
2 Ambient Operators and Defect Operators in dCFT
2.1 Generalities
A d-dimensional conformal field theory has the spacetime symmetry group SO(d, 2), which
is also the isometry group of the AdSd+1 background of its gravity dual. Introducing a brane
wrapped on an AdSd submanifold, as in the system of [7], breaks the isometry group to
SO(d − 1, 2). The AdSd brane intersects the boundary in a codimension one hypersurface,
inducing a spatial defect in the field theory dual. The symmetry group of the field theory
is thus broken to the (d − 1)-dimensional conformal group; although certain translations,
rotations and special conformal transformations are lost, scale invariance is preserved. The
dual is hence a defect conformal field theory (dCFT). Of course, even though the study of
dCFTs is motivated by the fact that these theories naturally appear in the context of the
AdS/CFT correspondence, one can also in principle construct such field theories directly.
It is important to note that the preserved symmetry group does not only act on the
directions along the defect; the scale transformation, for example, rescales the perpendicular
direction as well as the defect directions, and the unbroken special conformal transformations
also involve the perpendicular direction. The unbroken symmetries constitute the subgroup
of d-dimensional conformal transformations preserving the defect x = 0, which is the smallest
group containing the ISO(d−2, 1) Poincare´ algebra as well as the d- (not (d−1)-) dimensional
inversion transformation {x→ x/(x2 + ~y2); ~y → ~y/(x2 + ~y2)}. Note that the inversion must
be about a point inside the defect.
In the case of supersymmetric theories, the brane/defect generically breaks fermionic and
R-symmetries as well. Our canonical example will be the defect superconformal theory
descending from N = 4 super Yang-Mills in four dimensions, which is dual to type IIB
string theory on AdS5 × S5 with N units of five-form flux and M D5-branes wrapped on
AdS4× S2 [7, 11, 24]. In this case the SU(2, 2|4) supergroup is broken to OSp(4|4); besides
the reduction of the conformal/AdS group from SO(4, 2) to SO(3, 2), the R-symmetry is
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broken from SU(4) to SU(2)V × SU(2)H , and the number of both ordinary and conformal
supercharges is cut in half.
When a dCFT has a Lagrangian description, as is the case for this example, the action
can be written explicitly in terms of “ambient” fields φd(~y, x) propagating throughout space
as well as “defect” fields χd−1(~y) confined to the defect. The ambient and defect fields are
coupled on the defect:
L = Lamb[φd(~y, x)] + δ(x)Ldef [φd(~y, 0), χd−1(~y)] , (2)
where Lamb is the Lagrangian of the parent theory in the absence of the defect, and Ldef
contains couplings that explicitly break the symmetries down to the preserved subgroup.4
The defect fields transform under the preserved symmetry group as in an ordinary con-
formal field theory. From them we may form gauge-invariant operators Od−1(~y) which will
form representations of the (d − 1)-dimensional conformal algebra; these operators could
also contain the restrictions φd(~y, 0) of ambient fields to the defect. We can also assemble
gauge-invariant operators Od(~y, x) from ambient fields only, which are defined throughout
space. The restrictions of these ambient operators to the defect produces “reduced operators”
[Od](~y) ≡ Od(~y, x)|x→0. In the free theory the two types of (d − 1)-dimensional operators,
Od−1(~y) and [Od](~y), are clearly distinguishable, but once we add interactions they can mix
together, and we will call all of them “defect operators” (since they are parameterized by a
position along the defect). The correlation functions of these operators among themselves
obey the usual constraints of (d − 1)-dimensional conformal symmetry; in particular, the
two-point and three-point functions of primary operators are determined (up to a constant)
in terms of the scaling dimensions of the operators, as in an ordinary CFT.
The constraints placed on correlation functions involving the ambient operators Od(~y, x)
by the defect conformal group were analyzed in [27] in the context of a conformal field theory
with a boundary, and the same analysis applies to our case. The reduced conformal algebra
allows a non-zero one-point function for primary scalar ambient operators Od of scaling
dimension ∆, of the form
〈Od(~y, x)〉 = AOd
x∆
, (3)
for some constant5 AOd. Mixed two-point functions of ambient operators of dimension ∆
and defect operators of dimension ∆′ are also uniquely determined up to a constant, taking
4There are also examples of dCFTs with codimension bigger than 1, see for instance [21]. We will only
discuss the codimension 1 case here, though the generalization of our results to arbitrary codimension should
be straightforward.
5In general we could have a different constant appearing here for positive and negative values of x, and
we should write this as AOd/|x|∆ since ∆ is not necessarily integer. This is the form we would generally
find from explicit computations like the ones we perform in the later sections. In the D3/D5 system which
we will mainly be interested in, the chiral operators in the bulk all have integer dimensions, and there is a
parity symmetry (discussed in [11]) which relates positive and negative values of x and which allows only
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the form
〈Od(~y, x)Od−1(~y′)〉 = BOdOd−1
x∆−∆′(x2 + (~y − ~y′)2)∆′ , (4)
for some constant BOdOd−1 . The simplest allowed correlators of ambient fields which have
some freedom in their coordinate dependence are two-point functions of ambient scalar op-
erators, which have the form
〈
O1d(~y, x)O2d(~y′, x′)
〉
=
1
x∆1(x′)∆2
f(ξ) , (5)
where f(ξ) is an arbitrary function of the conformally invariant variable
ξ ≡ (~y − ~y
′)2 + (x− x′)2
4xx′
. (6)
2.2 Boundary operator product expansion
Before we inserted the defect, the ambient operators Od(~y, x) transformed in representations
of the full (super)conformal algebra. In the presence of the defect we can decompose these
into representations of the defect (super)conformal algebra and hence it is natural to look
for an appropriate way to write any ambient operator in terms of a set of defect operators.
Since translations in x are no longer a symmetry, we cannot use them to relate operators
at different values of x. We can still use the scaling transformations to relate operators at
different non-zero values of x, so these are all in the same representation of the conformal
group. However, the reduced operators [Od](~y) ≡ Od(~y, x)|x→0 are no longer related by any
symmetry to the operators Od(~y, x 6= 0). In particular, the reduced operators can mix with
defect operators Od−1(~y). It seems that even though the operators Od(~y, x 6= 0) can have
well-defined scaling dimensions, they are never primaries of the defect conformal algebra,
since they are not annihilated by the preserved special conformal generators. Thus, if we
want to discuss the Od using the usual representations of the unbroken conformal algebra
which are built from (quasi-)primary operators, we need to do something else.
In order to discuss the behavior of ambient operators near the defect, it is convenient to
introduce the notion of an expansion in a series of defect operators, which we will call the
BOPE since it has similar properties to the boundary operator product expansion discussed
in [27] (and in many other places for two dimensional conformal field theories). By the usual
arguments of local field theories, we can expand ambient operators as x → 0 as a power
even-dimensional operators to obtain one-point functions, so the expression (3) is always valid and the one-
point function is always an analytic function of x. In this particular system it seems that also the two-point
functions discussed below are always functions of x (as we will write them) and not of |x|. However, this
need not be the case in general (and it cannot be the case when non-integer dimensions are involved). We
will generally ignore this subtlety in this paper.
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series in operators Od−1 localized at x = 0, with a form dictated by conformal invariance to
be:
Od(~y, x) =
∑
n
BOdOn
x∆d−∆n
Ond−1(~y). (7)
The operators Ond−1 appearing in this expansion can either be made from defect fields, or
from reductions of ambient fields to the defect, or from both. For instance, if there are no
interactions with the defect, (7) is simply the Taylor expansion of the ambient operator, and
the operators Ond−1(~y) are all of the form ∂nxOd(~y, x)|x=0, of dimension ∆n = ∆d+n. Once we
add interactions these Taylor modes can generally have anomalous dimensions and mix with
defect operators. Note that in general a reduced operator like [∂nxOd](~y) ≡ ∂nxOd(~y, x)|x→0
cannot be defined without subtracting a divergence. The operators Ond−1(~y) appearing in
(7) are generally primaries (or descendants of primaries) of the defect conformal algebra;
hence the natural way to get primaries from an ambient operator after the introduction of
the defect is to compute its boundary operator product expansion.
One should note that in the free theory, the operators [∂nxOd](~y) are not precisely the
primaries, though there is a primary associated to each. This is obvious because the two-
point functions of these operators do not vanish for different n’s, even though the operators
with different n have different scaling dimensions. The actual primaries are of the form
[ ˜∂nxOd] ≡ [∂nxOd] + c2∇2[∂n−2x Od] + c4(∇2)2[∂n−4x Od] + . . . , (8)
where ∇2 is the ~y-Laplacian. Hence the BOPE expresses Od in terms of both primaries and
descendants of primaries. The constants ci, which depend on the dimension ∆ of Od, may be
determined either by explicitly demanding annihilation by the special conformal generators,
or by requiring orthogonality of the two-point functions. We will write some of them down
in section 3.2.
As discussed in [27], we can insert the BOPE into equations such as (5), and use the results
to obtain information about the dimensions of the operators living on the defect. The two-
point function (5) has two different possible limits – small ξ and large ξ. The small-ξ limit
corresponds to bringing the operators close together away from the defect, and it is natural
to analyze this limit using the regular OPE of the ambient theory; the behavior of f(ξ) in
this limit is determined by the ambient OPE coefficients and by the one-point functions (3)
of the ambient operators O3d appearing in the OPE of O1d and O2d. On the other hand, the
large-ξ limit corresponds to bringing the operators very close to the defect relative to their
distance from one another. To analyze the behavior of f(ξ) in this limit we plug the BOPE
(7) into equation (5), for both operators, leading to
f(ξ) ≃ ∑
n1,n2
B
O1
d
On1x
∆n1B
O2
d
On2 (x
′)∆n2
〈
On1d−1(~y)On2d−1(~y′)
〉
. (9)
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In the limit where the operators are very close to the defect, we have ξ ≃ (~y − ~y′)2/(4xx′).
We see that the contribution from a primary operator Ond−1 appearing in the BOPE6 to the
large-ξ behavior of f(ξ) is f(ξ) ≃ BO1dOnBO
2
d
On(4/ξ)
∆n. Contributions from descendant operators
generally give higher powers of 1/ξ in the large-ξ limit. Thus, from the large-ξ behavior of
(5) we can read off the dimensions (including the anomalous dimensions) of all the defect
operators Ond−1 appearing in the BOPE of both O1d and O2d.
In the AdS/CFT correspondence, operators Od(~y, x) are mapped to fields living in the
full AdSd+1 space, while operators Od−1(~y) are mapped either to fields living on an AdSd
brane or to the modes of the bulk fields (expanded near the brane). We can compute all the
correlators described above also on this side of the correspondence, using string theory or
using a supergravity approximation including a brane source (which is valid for large gsN
and small gsM). We will perform some computations of this type in section 5.
2.3 Conserved currents
Symmetries in a dCFT come in two types. The simpler kind acts only on the defect variables.
The associated currents are purely defect operators, and the holographic duals to these
currents are gauge fields on the AdSd brane. In the example of the D3/D5 system with M
D5-branes, we have a global U(M) symmetry acting on the M hypermultiplets living on
the defect, and the dual vector fields are the zero modes of the gauge fields living on the
D5-branes. These currents are conserved in the usual way, and do not acquire anomalous
dimensions.
The more interesting type of current corresponds to a symmetry acting on both ambient
and defect fields. An example is the stress tensor, or the R-currents in the supersymmetric
systems. Currents of this type may be written in the form
Tµν(~y, x) = Tµν(~y, x) + δ(x) δkµδlν tkl(~y) , (10)
Jµ(~y, x) = Jµ(~y, x) + δ(x) δkµ jk(~y) . (11)
These currents are dual to fields moving in the AdSd+1 bulk, such as the graviton or gravipho-
tons. The operators J and j (or T and t) are not separately conserved, but the total J
obeys ∂µJµ = 0 (∂
µTµν = 0) both away from the defect and on the defect. For the D3/D5
system, the fact that the energy-momentum tensor has the form (10) was noted in [11], and
the SU(2)H × SU(2)V R-currents similarly have the structure (11).
In the free theory, Jµ and jk are separately conserved; jk has dimension ∆ = d − 2 and
Jµ has dimension ∆ = d − 1. In the full theory, jk is no longer conserved, and thus defect
conformal invariance dictates that jk must have an anomalous dimension, since a primary
vector operator of SO(d− 1, 2) can have dimension ∆ = d− 2 if and only if it is a conserved
6Normalizing the two-point function of On
d−1 to be
〈On
d−1(~y)Ond−1(~y′)
〉
= 1/[(~y − ~y′)2]∆n .
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current. A priori one might think that the appearance of such an anomalous dimension in
correlation functions like 〈JJ〉 is inconsistent with the conservation of J . However, we will
show in section 4 that the divergence in 〈j j〉 associated with the anomalous dimension is
canceled in the full 〈J J〉 correlator by contributions from 〈J j〉 and 〈j J 〉. Similar arguments
apply to T, T and t, with the dimensions shifted up by one.
In the next section, we will discuss obtaining a BOPE for operators (including Tµν and
Jµ) from gravity considerations. Having done so, we will be in a position to put forward our
proposal for a definition of local localization in a dCFT.
3 Local Localization and the BOPE
In the presence of an AdSd brane, it is natural to decompose AdSd+1 fields into modes
transforming under the preserved AdSd isometry group. This decomposition is analogous to
the boundary operator product expansion that we performed in the previous section for field
theory operators in the presence of the defect. In this section we will show that the mode
decomposition and the BOPE are actually related by the AdS/CFT correspondence. This
result will allow us to provide a precise proposal for the realization of local localization in
dCFT. For convenience, we perform the analysis of this section in the Poincare´ patch; the
generalization to global AdS is straightforward.
3.1 BOPE as gravity mode decomposition
In studying the AdS/CFT correspondence, it is standard to represent AdSd+1 as a foliation
of d-dimensional Minkowski spaces. For example, its metric may be written as
ds2mink = L
2
(
e2ρ
{
dx2 + d~y2
}
+ dρ2
)
, (12)
where L is the curvature radius of AdSd+1 and each constant-ρ slice is a copy of Minkd. On
the other hand, in analyzing the bulk physics of an embedded AdSd-brane, it is useful to
express the geometry of AdSd+1 in terms of a foliation of AdSd submanifolds,
ds2ads = L
2
(
cosh2 r
{
e2wd~y2 + dw2
}
+ dr2
)
, (13)
where each constant-r slice is an AdS4, with −∞ < r < ∞ and the brane at r = 0. The
coordinate systems are related by
x = e−w tanh r , eρ = ew cosh r , (14)
and are depicted in figure 1. From here on we will set L = 1 (it can always be restored by
dimensional analysis).
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Figure 1: The two slicings of AdS5. The horizontal axis is the direction x transverse to the
brane and the vertical axis is the radial direction of AdS interpolating from the boundary
(solid line) to the horizon (dashed line). The figure on the left shows lines of constant ρ
while the figure on the right shows lines of constant r.
Every AdSd+1 bulk field φd+1(~y, w, r) of mass M , transforming in some representation
of SO(d, 2), decomposes into a tower of AdSd modes φd,n(~y, w) inhabiting representations
of the preserved isometry group SO(d − 1, 2). Each mode is multiplied by an appropriate
wavefunction of the r-direction:
φd+1(~y, w, r) =
∑
n
ψn(r)φd,n(~y, w) . (15)
Among the data of the SO(d− 1, 2) representation is an AdSd-mass mn for each φd,n,
∂2dφd,n = m
2
nφd,n , (16)
where ∂2d is the AdSd-Laplacian. The mass mn and the wavefunction ψn(r) may be deter-
mined by solving the wave equation for φd+1(~y, x, r). In general the backreaction of the
brane may produce a more general warp factor A(r), ds2 = dr2+ e2A(r)ds2AdSd, although (13)
will continue to hold at large |r|; this more general metric still preserves AdSd isometries
associated with dual dCFT. To linear order the wave equation then reduces to an ordinary
differential equation for the wavefunction ψn(r),
∂2rψn(r) + dA
′(r)∂rψn(r) + e
−2A(r)m2nψn(r)−M2ψn(r) = 0 . (17)
This will receive corrections from various interactions in the brane worldvolume theory,7 all
of which affect the calculation of the masses mn.
The field φd+1 of mass M is dual to an ambient operator Od(~y, x) of dimension ∆d (with
∆d(∆d − d) = M2) in the dCFT. Analogously, since the φd,n inhabit an effective AdSd the-
ory (they are representations of SO(d − 1, 2)), they are related to dual “defect operators”
7The brane interactions will generally cause a mixing between the modes corresponding to different bulk
fields φd+1, though we neglect this here. However, precisely the same phenomenon occurs also in the BOPE,
and it is easy to generalize our discussion to incorporate it.
11
Od−1,n(~y). We wish to interpret the bulk relation (15) in terms of some operator decompo-
sition of Od into the Od−1,n. In view of the discussion in the previous section, it is natural
to identify the operators Od−1,n(~y) with the reduced operators arising from the expansion of
Od near the defect.
In the AdS/CFT correspondence, the relation between bulk fields and the values of op-
erators in the “boundary” theory proceeds by choosing a function f on AdSd+1 that has a
pole on the boundary, and multiplying each field by a power of this function determined by
the mass of the field to obtain finite boundary values which are related to the dual opera-
tors [25]. The freedom to pick this function corresponds to the freedom to make conformal
transformations on the boundary theory; in particular the choice of f determines the metric
on the boundary.
The expectation values of normalizable solutions for φd+1 compute in this fashion vacuum
expectation values of the dual operators Od. One possible choice of f , motivated by (13), is
to pick the function f to be the AdSd-slicing warp factor, cosh r. For this choice we obtain
the relation
φd+1(~y, w, r) =
(cosh r)−∆d
2∆d − d 〈Od(~y, w)〉+O((cosh r)
−(∆d+2)) , (18)
near the boundary of AdSd+1 at r = ±∞. However, the metric obtained on the boundary
from this choice of f will be induced from the AdSd slicing, and hence will be two copies of
AdSd, glued together along their common boundary, which is the location of the defect.
This is not the boundary metric we desire, as we are interested in the dCFT living on flat
space (where our analysis of the previous section applies). The choice of function with pole
f that accomplishes this is of course the warp factor for the Minkowski foliation, eρ. This
will induce a flat metric, and we shall see that it also induces a nontrivial spatial variation
transverse to the defect in the boundary values of the wavefunctions ψn(r). In our choice
of the flat boundary metric the relation between the bulk field and the expectation value of
the dual operator in the dCFT is hence
φd+1(~y, x, ρ) =
e−∆dρ
2∆d − d 〈Od(~y, x)〉+O(e
−(∆d+2)ρ) , (19)
as ρ → ∞. As usual, in the absence of a source term for the field (which would be larger
than the terms in (19) for ∆d ≥ d/2), the coefficient of the leading term is identified with
the VEV of the operator [28]. We want to read this as an operator equation, since it should
still be true in the presence of sources, as long as you are not on top of the source – in the
presence of insertions of other operators one re-solves for the perturbed gravity background,
and again extracts the coefficient of the same term as the value of the operator.
Now, φd+1 also obeys the expression (15). Consequently, using the coordinate relations
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(14) evaluated near the boundary, we may write
〈Od(~y, x)〉 = lim
ρ→∞
e∆dρ(2∆d − d)
∑
n
ψn(r)φd,n(~y, w)
∣∣∣∣
er=2xeρ, e−w=x
. (20)
The wavefunctions ψn(r) have a universal scaling near the boundary
ψn(r) = Cn(e
r)−∆d +O(e−(∆d+2)r) , (21)
regardless of n. This is because for large |r| the geometry reverts to AdSd+1 (13) and
e−2A(r) ≃ cosh−2 r vanishes, meaning all modes are governed by
∂2rψn + dA
′(r)∂rψn −M2ψn = 0 , (22)
leading to the result (21). The expression (20) then becomes
〈Od(~y, x)〉 = (2x)−∆d(2∆d − d)
∑
n
Cn φd,n(~y, w)
∣∣∣∣
e−w=x
, (23)
with some constants Cn determined by the solution for ψn(r).
The fields φd,n live in an AdSd space, and by the basic principle of AdS/dCFT they are
related to (d − 1)-dimensional operators Od−1,n(~y) living on the intersection of the AdSd
brane with the boundary. The Od−1,n have conformal dimensions ∆n determined by the φd,n
masses as ∆n(∆n − d+ 1) = m2n, and obey a relation completely analogous to (19):
φd,n(~y, w) ≃ e
−∆nw
2∆n − d+ 1 〈Od−1,n(~y)〉+O(e
−(∆n+2)w) (24)
at large w. However, there is an essential difference between the two equations for the
purposes of our derivation. While the coordinate eρ in (19) plays a purely holographic role,
and is eliminated in the process of computing boundary data, the coordinate ew appearing
in (24) is identified with 1/x, which survives in the field theory. This is a consequence of our
order of limits, going to the boundary ρ→∞ before taking x→ 0.
As a result, the subleading terms in (24) all survive in the boundary limit. Using the AdSd
wave equation
(∂2w + (d− 1)∂w + e−2w∇2 −m2n)φd,n(~y, w) = 0 , (25)
where ∇2 is again the Laplacian in the ~y directions, they may be calculated recursively in
terms of derivatives ∇2 of the VEV 〈Od−1,n(~y)〉:
φd,n(~y, w) = e
−∆nw
∞∑
k=0
ak,n e
−2kw∇2k〈Od−1,n(~y)〉 , (26)
ak−1,n = −
[
(∆n + 2k)
2 − (∆n + 2k)(d− 1)−m2n
]
ak,n , ak=0,n =
1
2∆n − d+ 1 .
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Hence we have
〈Od(~y, x)〉 = (2x)−∆d(2∆d − d)
∑
n
Cn
∑
k
ak,n x
∆n+2k∇2k〈Od−1,n(~y)〉 . (27)
Extrapolating this to an operator relation, we obtain precisely a boundary operator product
expansion of the form
Od(~y, x) =
∑
i
BOdOi
x∆d−∆i
Od−1,i(~y) , (28)
where i runs over all values of n and k, with the Oi(~y) corresponding to all ∇2kOn(~y), and
with ∆i = ∆n + 2k.
It is quite satisfying to derive the BOPE decomposition directly from gravity consider-
ations. The analysis here was for scalar operators/fields, but it can easily be generalized
also to other fields, and in particular to symmetric tensors which are relevant for the lo-
calization of gravity. We see directly that the BOPE of a primary d-dimensional operator
Od(~y, x) will generically contain both d−1-dimensional primaries Od−1,n(~y) and their descen-
dants ∇2kOd−1,n(~y). Moreover, the relation (24) establishes the one-to-one correspondence
between modes φd in the AdS decomposition (15) and the primaries Od−1,n appearing in
the BOPE. Consequently, we expect locally localized modes to be associated to particular
reduced primary operators appearing in the BOPE.
3.2 Example of the no-brane case
It is illuminating to examine (27) in the elementary case of a “phantom” brane. This means
that we study fields on AdSd+1 without including any interactions with a brane, but we
proceed with the decomposition into AdSd modes regardless. As discussed in section 2, for
this trivial case the BOPE is simply a Taylor expansion in x,
O(~y, x) = [O](~y) + x[∂xO](~y) + x
2
2!
[∂2xO](~y) +
x3
3!
[∂3xO](~y) + . . . . (29)
We need to bear in mind that the [∂nxO] are generically not primary operators for n > 1,
but rather each corresponds to the sum of a primary and descendants. For our explicit
comparison, we choose to study the d = 4 case, for which the first few primaries ˜[∂nxO] at
n > 1 are
˜[∂2xO] ≡ [∂2xO + 12∆− 1∇2O] , ˜[∂3xO] ≡ [∂3xO + 32∆ + 1∇2∂xO] , (30)˜[∂4xO] ≡ [∂4xO + 62∆ + 3∇2∂2xO + 3(2∆ + 1)(2∆ + 3)∇2∇2O] ,
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where O has conformal dimension ∆. In terms of these primaries and their descendants we
can rewrite the Taylor expansion BOPE in the form
O(~y, x) = [O](~y) + x[∂xO](~y) + x
2
2
˜[∂2xO](~y) + x36 ˜[∂3xO](~y)− (31)
x2
2(2∆− 1)∇
2[O](~y)− x
3
2(2∆+ 1)
∇2[∂xO](~y) + . . . .
We seek to derive this expansion from the gravity relation (27).
Let us now restrict ourselves further to the case of d = ∆ = 4. For this case the wave-
functions for a “phantom brane” were calculated in [7, 29], and found to be
ψn(r) = (cosh
−4 r) 2F1
(
5
2
+ n
2
,−n
2
; 3; cosh−2 r
)
(32)
∼ e−4ρ 1
x4
,
where n = 0, 1, 2 . . . and m2n = (n + 1)(n + 4). We consequently have Cn = 16 in this case,
and we obtain from (23)
〈O(~y, x)〉 = 4x−4∑
n
φd=4,n(~y, w)
∣∣∣∣
e−w=x
, (33)
where we set Od=4(~y, x) ≡ O(~y, x). Let us first consider the primaries, which come from the
leading term in each φd=4,n, as in (24). The mass m
2
n = (n + 1)(n+ 4) implies ∆n = 4 + n,
giving us from (24)
φd=4,n(~y, w) =
x4+n
2n + 5
〈On(~y)〉+ . . . , (34)
with Od−1=3,n(~y) ≡ On(~y). Since the On are primaries, they must correspond to the ˜[∂nxO](~y)
up to a possible normalization, On(~y) ≡ βn ˜[∂nxO](~y), leading to the primary part of the
BOPE
O(~y, x) =∑
n
4βn
2n + 5
xn ˜[∂nxO](~y) + descendants . (35)
For this to match (31) we must have 4βn/(2n+ 5) = 1/n!. In order to verify this we need
to compare the normalization of the On(~y) to that of the ˜[∂nxO](~y). A canonically normalized
AdSd scalar with dimension ∆ gives rise to a dual operator with the two-point function
〈O(~y)O(0)〉 = 1
π(d−1)/2
(2∆− d+ 1) Γ(∆)
Γ(∆− d−1
2
)
1
y2∆
. (36)
However, the φd,n are in general not canonically normalized; their normalization in the action
is determined by dimensionally reducing the AdSd+1 action for φd+1, and this leads to an
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extra factor of
∫
dre2A(r)ψn(r)
2 outside the kinetic terms for φd,n, which then appears in the
denominator of the two-point function. For the case of the d = ∆ = 4 phantom brane, we
can compute this by integrating (32) to obtain
〈On(~y)On(0)〉 = (2n+ 5)(n+ 4)!
128n!
× 1
π3/2
(2n+ 5)
Γ(n + 4)
Γ(n+ 5
2
)
1
y8+2n
. (37)
Thus, the coefficients of the BOPE only come out right if it happens that
〈 ˜[∂nxOn](~y) ˜[∂nxOn](0)〉 = 1β2n 〈On(~y)On(0)〉 (38)
=
n!(n+ 3)!(n + 4)!
8π3/2Γ(n+ 5
2
)
1
y8+2n
.
We have not been able to compute the two-point functions of the primaries for general n,
but we have checked that the first 4 primaries listed in (30) do satisfy (38) exactly, assuming
that the 4D O(y, x) has the canonical two-point function given as the AdSd+1 version of (36)
with d = ∆ = 4. Hence the Taylor series structure is exactly reproduced for the primaries
up to this order. We may regard (38) as a prediction for the norms of the higher primaries.
One is then left needing to match the descendants; the terms ak,n with k 6= 0 in the
expansion (26) must produce the second line of (31). We have verified that this is indeed
the case up to O(x4). The O(x4) term is the most intricate, as the Taylor term [∂4xO] is
composed of a combination of the primary ˜[∂4xO] as well as the k = 1 descendant of ˜[∂2xO]
and the k = 2 descendant of [O]. Higher terms will be more complicated still.
To summarize this subsection, we have verified explicitly to fourth order in x that the
mode decomposition in the presence of the phantom brane is precisely equivalent to a simple
Taylor series for the dual field theory operator for the case d = ∆ = 4. We expect this
agreement to persist to all orders, and to pertain also to other cases. In particular, when
there is a genuine interacting brane, we expect (27) to produce the reduced operators in the
full interacting BOPE for the dual dCFT.
3.3 Local localization in dCFT
Local localization occurs when one of the modes in the decomposition of the graviton,
hkl(~y, r, w) =
∑
n
ψn(r) (hkl)d,n(~y, w) , (39)
has an AdSd mass that is hierarchically small compared to the scale of the AdS curvature,
which characterizes the masses of the other fields. For the simplest system of a gravitating
4D brane coupled to 5D gravity with a cosmological constant [7], the existence of the locally
localized mode has been confirmed both numerically [7, 30] and analytically [31, 29]. One may
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expect that local localization appears in many other gravitating systems as well. One way
to try to confirm this is to explicitly construct such systems, in string theory for example;
this has thus far proven difficult (see [23] for the state of the art in the D3/D5 system).
Since every gravity phenomenon should have a field theory interpretation, even novel ones
like local localization, another way to proceed is to abstract the concept to an effect in the
dual field theory, and then look for local localization in the dCFT duals even when the exact
gravity solution including brane backreaction is not known. Understanding the nature of
local localization in the dCFT dual is also interesting in its own right, and this is what we
attempt to do here.
The analysis of subsection 3.1 can be readily adapted to the study of the graviton, as
the transverse polarizations obey a massless scalar wave equation. It is easy to verify that
the wavefunctions discussed above are localized near the brane if and only if ∆n < ∆d; in
particular near the boundary the wavefunctions behave as x∆n−∆d. Thus, we can say that
a mode φd,n begins to be localized around the brane whenever its mass is such that the
associated scaling dimension ∆n is smaller than the scaling dimension ∆d associated with
the parent field φd+1.
Through the equivalence of the AdS mode expansion and the BOPE that we have estab-
lished, and by using the usual AdS/CFT relation between mass and conformal dimension,
we can naturally recast this result in a field theory language as a relation between anomalous
dimensions. In particular, when local localization of gravity occurs, a reduced operator in the
BOPE expansion of the d-dimensional stress tensor has a conformal dimension approaching
d− 1. As the dimension becomes closer to d− 1, gravity will be localized to the brane over
a larger and larger range of length scales. Note that a dimension ∆n < d− 1 is forbidden by
unitarity, and ∆n = d− 1 can occur only if the reduced stress tensor is conserved on its own
and the theory has two decoupled sectors.
We can therefore make a natural definition :
Local localization of gravity occurs in a defect conformal field theory when there is an
operator in the BOPE of the stress tensor with ∆− (d− 1)≪ 1.
In more generality, one can abstract the notion to a generic localized field in a dCFT;
the corresponding operator should have in its BOPE a defect operator with a conformal
dimension smaller than that of the parent d-dimensional operator.
Obviously, local localization does not occur when we have no interactions with the defect.
This is evident since the BOPE in that case is just the Taylor expansion, and the conformal
dimensions of the reduced operators are simply ∆d + n, n = 0, 1, 2, . . ., none of which is
smaller than ∆d. As the coupling is turned on, localization will occur if the n = 0 reduced
operator acquires a negative anomalous dimension. This is another example of a familiar
property of AdS/CFT, that phenomena in classical gravity can be mapped to quantum
effects in the large-coupling limit of the dual field theory.
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Our discussion in this section so far was limited only to the “reduced operators” arising
as modes of the ambient operators. At first sight, it seems that another possible candidate
spin-2 operator to have a scaling dimension close to ∆ = d − 1 is the defect-localized part
of the stress tensor tkl (10). In the free theory, its dimension is exactly ∆ = d − 1, and
since it is a part of a conserved current, one may be tempted to believe its dimension is not
renormalized and remains d− 1.
This point of view is problematic, however. The defect part of the stress tensor is a
fundamentally defect operator, not a moment of an ambient one; consequently it is expected
to be dual to dynamics localized on the AdSd brane itself, rather than to bulk physics. In
the well-understood probe regime of the D3/D5 system, with gsN large and gsM small, tkl
is therefore dual to a spin-2 open string field localized on the D5-branes. Since there are
no massless spin-2 open string modes, the dual of tkl must be a massive stringy mode, and
thus it should acquire a large anomalous dimension ∆ ≃ (gsN)1/4. On the other hand, the
dimensions of the BOPE operators coming from Tµν are still close to ∆(n) = 4 + n in this
regime, since the backreaction of the brane is small. Hence the “naturally localized” field
tkl is not a part of the onset of locally localized gravity in the small-gsM regime. Similarly,
the defect parts jk of the SU(2)H × SU(2)V R-symmetry currents (11) should also acquire
anomalous dimensions in the D3/D5 system, as they sit in the same multiplet as the energy-
momentum tensor.
In more general systems, we expect the story to be similar. There is no example in string
theory of a light spin-2 brane mode that could be dual to tkl, and hence we expect the dual
field to generically be heavy in regimes where a brane description is adequate. In section 4 we
demonstrate that the defect component of a current indeed acquires an anomalous dimension
in a simple dQFT, and we show how this is consistent with the conservation of the full current.
Similar computations could also be done for the stress tensor.
In section 5, we perform the calculations necessary for the supergravity computation of the
anomalous dimensions of reduced scalar operators, to leading order in gsM . We shall see that
anomalous dimensions generically appear here as well, but since they are corrections of order
gsM , they are not large in the probe limit. We expect that similar computations will give
the anomalous dimensions of the BOPE modes of T ; in the D3/D5 system these anomalous
dimensions are related by supersymmetry to those of some reduced scalar operators, so
the computation of the latter suffices for the analysis of locally localized gravity. Such
computations should reveal whether there is an onset of localization as the backreaction of
the brane starts to be taken into account.
The hope for a truly localized graviton lies, of course, with strong backreaction, that is
large gsM as well as large gsN . In this regime we do not know how to compute the anomalous
dimensions of the various fields, and we do not know whether the dimension of t is smaller
or larger than that of the BOPE modes coming from T . Since we show in this paper that
both t and the modes coming from T have anomalous dimensions, it is possible that one of
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these operators has a dimension such that ∆− (d − 1) ≪ 1 at large gsM , so that localized
gravity would be realized in string theory in this regime. It is hard to say whether t could
come down in dimension at large gsM and participate in the local localization, or if this
localization necessarily involves only a mode of T . For large gsM there could in any case be
a large mixing between t and the modes of T , so the distinction may well be meaningless.
4 Anomalous Dimensions of Defect Operators
In this section we wish to verify that the picture we have developed, in which the (d − 1)-
dimensional component of the stress tensor acquires an anomalous dimension despite the
fact that the full stress tensor containing it is conserved, is consistent. For simplicity, rather
than analyzing the stress tensor in the D3/D5 system, we pick a toy model involving a subset
of the fields of the D3/D5 system, and we examine the same phenomenon for a conserved
current in this toy model. We expect the behavior of the stress tensor itself (which, in the
D3/D5 system, is related by supersymmetry to the currents) to be analogous.
As our toy model, we consider an elementary dQFT (not a conformal theory) given by
the Lorentzian action
SdQFT =
∫
d4z [ − i
4
λ¯miγµ∂µλ
im + δ(x)
(
−iΨ¯iρk∂kΨi + ∂k q¯m∂kqm
)
(40)
+ gδ(x)
(
iq¯m(λ¯1)
miΨi − iΨ¯i(λ1)imqm
)
] .
Here q is a complex scalar, Ψ is a complex 3D spinor and λ is a 4D Majorana spinor; λ1
is the projection of λ onto two of its components, see [11]. In this section we use zµ as a
shorthand for (yk, x). The theory (40) is a subset of the dynamics of the D3/D5 dCFT [11],
keeping only the fermions in the ambient four-dimensional theory. The SU(2)V × SU(2)H
currents associated to the global symmetry (which is the R-symmetry in the full dCFT) are
JAµV =
1
4
λ¯miγµ(TA)ijλ
jm + δ(x) δµk Ψ¯
iρk(TA)ijΨ
j , (41)
JIµH = −14 λ¯miγµλin(T I)nm − iδ(x) δµk q¯m
↔
∂k(T I)mnq
m ,
which are of the form (11). The matrices TA and T I here are the generators of the global
symmetry group; the rest of the notations are explained in the appendix. The SU(2)H
indices m,n will play no role in our computation in this section, but we keep them so that
(40) is a subtheory of the D3/D5 dCFT.
We shall study the two-point function of JµV to two-loop order, and we drop the sub-
script V henceforth. We work directly in coordinate space and resolve divergences using
differential regularization [32]. We are interested in properties of the correlator 〈J(z1)J(z2)〉
for separated points, so only subdivergent parts of 2-loop diagrams are relevant. We will
demonstrate that the defect current j is not protected, and we compute its anomalous di-
mension. The correlator 〈j(y1) j(y2)〉 thus depends on the renormalization scale M . We will
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Figure 2: The leading diagram contributing to the 〈jj〉 current-current correlator.
show that the scale-dependence cancels in the full correlator 〈J(z1) J(z2)〉, consistent with
the conservation of J . This comes about because 〈J j〉 contains a subdivergence localized on
the defect, leading to a scale-dependent contribution which provides the needed cancellation.
To the order considered here 〈J J 〉 is UV finite and does not participate in the cancellation.
To perform the computations, we find it convenient to employ a 4D spinor notation. A
4D spinor index decomposes into a 3D spinor index α = 1, 2 and an internal index a = 1, 2;
only the a = 1 component of λ participates in the defect interaction. Define the 4D spinor
Ψiβb ≡ Ψiβδ1b . (42)
The interaction in the Lagrangian (40) then becomes
SdQFT ⊃
∫
d4z gδ(x)
(
iq¯mλ¯miΨi − iΨ¯iλimqm
)
, (43)
where λ and Ψ are both 4D spinors. The propagator of the 4D Ψ then contains the projection
matrix P+ ≡ (1 + γ5γx)/2, as detailed in the appendix.
We study the order g2 contributions to the correlator
〈JAk(z1) JBl(z2)〉 ≡ 〈J Ak(z1)J Bl(z2)〉+ δ(x2)〈J Ak(z1) jBl(y2)〉 (44)
+ δ(x1)〈jAk(y1)J Bl(z2)〉+ δ(x1)δ(x2)〈jAk(y1) jBl(y2)〉 .
Here, A and B are indices in the adjoint of SU(2)V , and k, l are d = 3 vector indices.
Figures 2, 3 and 4 show the lowest-order diagrams involving interactions that contribute
to correlators of 〈jj〉, 〈J j〉 and 〈J J 〉, respectively. In the figures we use dashed lines for
scalars and unbroken lines for fermions, thick lines for ambient fields and thin lines for defect
fields. The filled dots correspond to insertions of j and the open dots to insertions of J . All
results are stated for the Euclidean continuation of the correlation functions.
In the 〈j j〉 diagram of figure 2 we have a Ψ loop where one Ψ propagator contains a λ/q
self-energy loop. The result is
〈jAk(y1) jBl(y2)〉 = −8 g2Tr (TATB)
∫
d3y3 d
3y4 δ34 Tr [γ
k sˆ12 γ
l sˆ23 S34 sˆ41] , (45)
where S34 denotes the fermion propagator from z3 = (~y3, x = 0) to z4, and similarly for the
other propagators; see the appendix. The coefficient comes from a 2 for the two diagrams,
a 2 for the SU(2)H-index loop and a 2 for the index reduction of the λ propagator.
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Figure 3: The leading diagram contributing to the 〈J j〉 current-current correlator.
Figure 4: The leading diagram contributing to the 〈J J 〉 current-current correlator.
In 〈J j〉, we have an exchange diagram where a ΨΨq triangle and a λλq triangle share the
q propagator, drawn in figure 3. We find
〈J Ak(z1) jBl(y2)〉 = −4 g2Tr (TATB)
∫
d3y3 d
3y4 δ34Tr [S31 γ
k S14 sˆ42 γ
l sˆ23] . (46)
〈j J 〉 follows directly. The numerical factor includes 1/4 for the J current, 2 for two different
Majorana contractions, 22 for the SU(2)× SU(2) index reduction in the two λ propagators
as in (120), and 2 for the SU(2)H -index loop.
In 〈J J 〉, the leading diagram is the λ loop with a self-energy interaction, drawn in figure 4.
Due to the Majorana condition there are 8 distinct Wick contractions, which in the end each
contribute equally to the amplitude
〈J Ak(z1)J Bl(z2)〉 = −8 g2Tr (TATB)
∫
d3y3 d
3y4 δ34Tr [S41 γ
k S12 γ
l S23 sˆ34] . (47)
The factor of 8 can be understood as follows: (1/4)2 for the definition of the two currents,
8 for the eight separate terms, 23 for the SU(2) × SU(2) index reduction in the three λ
propagators as in (120), and 2 for the SU(2)H -index loop.
We now proceed to the evaluation and regularization of these diagrams. The first point
to notice is that there is no subdivergence in 〈J J 〉, and the y3, y4 integrals converge for
separated external points.
Next we analyze 〈jj〉. In detail the amplitude is
〈jAk(y1) jBl(y2)〉 = − 8 g
2
(4π2)(4π)4
Tr (TATB) Tr [P+γ
kγmγlγnγpγq]× (48)∫
d3y3 d
3y4
1
|y34| ∂m
1
|y12| ∂n
1
|y23| ∂p
1
|y34|2 ∂q
1
|y41| .
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Using differential regularization we first confront the subdivergence which occurs in the λ/q
loop. We start by writing
1
|y34| ∂p
1
|y34|2 =
2
3
∂p
1
|y34|3 . (49)
This would lead to a divergence in the integrals over y3 and y4. In differential regularization
this is handled by means of the substitution
1
|y34|3 = −∂p∇
2 logM |y34|
|y34| , (50)
where ∇2 is the 3D Laplacian, and M is an arbitrary mass unit. It is straightforward to
show that, after insertion of (49), (50), the integrals in (48) can be done using the delta
functions which appear after partial integration. For our purposes, it is sufficient to focus
on the divergent (M-dependent) part. To isolate this we apply M∂/∂M . The regulated
subdivergence (49) (which contains all the M-dependence) then becomes
− 2
3
∂p∇2 1|y34| =
2
3
(4π) ∂pδ(y34) . (51)
Substituting back into 〈jj〉, we find
M
∂
∂M
〈jAk(y1) jBl(y2)〉 = − 16 g
2
3(4π2)(4π)3
Tr (TATB) Tr [P+γ
kγmγlγnγpγq]× (52)
∂m
1
|y12|∂n∂p∂q
∫
d3y3
1
|y23|
1
|y31| ,
where all the derivatives act on the 2 coordinate.
Using the γ-matrix identity γnγpγq = γnγpq + γngpq, we generate a 3D Laplacian; acting
on 1/|y23| this generates another δ-function which allows us trivially to do the integral. We
finally obtain
M
∂
∂M
〈jAk(y1) jBl(y2)〉 = − 16 g
2
3(4π2)(4π)2
Tr (TATB) Tr [P+γ
kγmγlγn]∂m
1
|y12|∂n
1
|y12| ,
=
16 g2
3(4π2)(4π)2
Tr (TATB)
(
2
|y12|4J
kl(y12)
)
, (53)
where Jkl is the conformal Jacobian tensor Jkl(y) ≡ δkl − 2ykyl/y2.
We may use the result (53) to the calculate the anomalous dimension of jk. Because jk
is a conformal primary defect vector operator of some scaling dimension ∆, its two-point
function must have the form
〈jAk(y1) jBl(y2)〉 = −c(g) Tr (TATB) M
4
8π2|My12|2∆ J
kl(y12) . (54)
We have normalized the correlator to the free-field value at g = 0. To order g2, we expect
that the scaling dimension is ∆ = 2 + γ(g) and c(g) = 1 + g2a for some constant a, where
γ(g) is the anomalous dimension of j. We may determine γ using the perturbative relation
M4
|My12|2∆ ∼
1
|y12|4 [1− 2γ(g) log |y12M |] . (55)
We insert this in (54), compute the scale derivative M∂/∂M , and compare with (53). We
thus identify the anomalous dimension to order g2 as
γ(g2) =
2g2
3π2
. (56)
Note that it is positive, as required by unitarity.
A term of the form (54) appearing in 〈JJ〉 seems to be inconsistent with the conservation
of J when ∆ 6= 2, so the M-dependence coming from this term has to cancel out in the full
〈JJ〉 correlator. Let us now show that it is indeed canceled by the contributions from 〈J j〉
and 〈jJ 〉. We have
〈J Ak(z1) jBl(y2)〉 = − 4 g
2
(4π2)2(4π)3
Tr (TATB)Tr [γµ γk γν γmP+γ
lP+ γ
n]× (57)∫
d3y3 d
3y4
1
|y34|(∂µ
1
z231
)(∂ν
1
z214
)(∂m
1
|y42|)(∂n
1
|y23|) .
Again we must regulate the subdivergence, which in this case comes from the divergent λ/λ/q
loop. Note that there is no overlapping divergence, since the limit where the q propagator
approaches the Ψ¯Ψ vertex is finite. The subgraph is
(P+γ
µγkγνP+)
1
|y34|(∂µ
1
z231
)(∂ν
1
z214
) . (58)
We are using a convention where the derivative always acts on the first coordinate listed in
a propagator. Switching the µ-derivative to the 1 coordinate, we can pull it out to find
(P+γ
µγkγνP+)
[
∂1µ
(
1
|y34|
1
z231
(∂ν
1
z214
)
)
+
1
|y34|
1
z231
(∂µ∂ν
1
z214
)
]
≡ (P+γµγkγνP+)
[
∂1µBν + Cµν
]
.(59)
For the first term, the vector Bν is log divergent by power counting, but since it is a vector,
a further derivative can be extracted and what remains is finite. Hence the divergence lies
in the second piece Cµν , on which we now concentrate.
In differential regularization, tensors like ∂µ∂ν are split into their trace and traceless parts;
the divergence lies entirely in the trace. In our case, the situation is slightly more subtle due
to the defect. Since y3 and y4 are only three-dimensional points, the traceless tensor that
23
is appropriate is the three-dimensional one ∂k∂l − 13δkl∇2. Thus, we are forced to split the
tensor Cµν into defect indices and transverse indices separately.
If one of µ and ν is a defect coordinate while the other is not, the projection matrices P+
annihilate one another. Thus we get
(P+γ
µγkγνP+)Cµν =
1
|y34|(
1
z213
)
[
(P+γ
mγkγn)∂1m∂
1
n + (P+γ
xγkγx)(∂x)
2
]
(
1
z214
) . (60)
We split ∂m∂n =
1
3
δmn∇2+ traceless, and ignore the traceless part. Using γxγkγx = −γk,
γmγkγnδmn = −γk, and (∂3)2 = −∇2 with the 4D Laplacian, we arrive at
(γkP+)
1
|y34|(
1
z213
)(2
3
∇2 − )( 1
z214
) . (61)
To treat the ∇2 term, we first switch the 3D Laplacian to act on the 4 coordinate and
then integrate by parts. Terms with an overall ∇k are not singular, so the relevant term
involves ∇2(1/|y43|) = −4πδ(y43). With this δ-function present, we can combine the two 4D
propagators and regulate the resulting expression in the standard 4D fashion
(
1
z213
)(
1
z214
)→ ( 1
z413
)→ −1
4
logM2z213
z213
. (62)
Now turn to the term in (61). The 4D Laplacian acts on the propagator to produce δ(z14),
which allows us to regulate
1
|y34|
1
z213
→ 1|y34|3 → −∇
2 logM |y34|
|y34| . (63)
The total expression for both terms is hence
(γkP+)
[
1
6
(4π)
(
logM2z213
z213
)
δ(y43)− (4π2)∇2 logM |y34||y34| δ(z14)
]
. (64)
Taking M∂/∂M to isolate the M-dependent part of the subdivergence, we have
2
3
(γkP+) (4π
2)(4π)δ(z14)δ(y34) . (65)
Substituting the subdivergence back into the total expression for 〈J j〉, and recalling that
all the terms we dropped are M-independent, we thus have
M
∂
∂M
〈J Ak(z1) jBl(y2)〉 = − 8 g
2
3(4π2)(4π)2
Tr (TATB)Tr [P+γ
k γm γl γn]× (66)∫
d3y3 d
3y4 δ(z13)δ(y34)(∂m
1
|y42|)(∂n
1
|y23|)
=
8 g2 δ(x1)
3(4π2)(4π)2
Tr (TATB)Tr [P+γ
k γm γl γn](∂m
1
|y12|)(∂n
1
|y12|) .
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The contribution from 〈jJ 〉 is identical up to exchanging x1 ↔ x2. Consequently from (53)
and (66) we see
M
∂
∂M
(
δ(x2)〈J Ak(z1) jBl(y2)〉+ δ(x1)〈jAk(y1)J Bl(z2)〉+ δ(x1)δ(x2)〈jAk(y1) jBl(y2)〉
)
= 0,(67)
and 〈JV JV 〉 has no divergences, as required. Notice that we had to isolate the M-dependent
part of 〈J j〉 in order to obtain the δ(x1). The complete correlation function 〈J (z1)j(y2)〉 is
not localized on the defect in the x1 coordinate, only the divergent part is.
5 Anomalous Dimensions from Gravity
As discussed in section 2, the reduced conformal group SO(3, 2) preserved by the defect is
more permissive than the full group SO(4, 2), but still places strong constraints on correlation
functions (in this section we specialize to the case of d = 4, though the generalization
to arbitrary d should be straightforward). The simplest permitted correlators involving
4D operators are the one-point function 〈O4〉 and the mixed two-point function 〈O4O3〉.
As with two- and three-point functions in ordinary CFT, the coordinate dependence of
these correlators is completely specified by the symmetry. It was shown in [11] that the
corresponding AdS4 interactions
∫
AdS4
φ5 and
∫
AdS4
φ5ψ4 lead to dCFT correlation functions
with the correct structure.
In this section we consider the gravity calculation of two-point correlation functions be-
tween four-dimensional operators. Just as the one-point and mixed two-point cases in dCFT
are somewhat analogous to the two- and three-point functions of ordinary CFT, the case of
ambient two-point functions is analogous to the ordinary CFT four-point function. As dis-
cussed in section 2 it is the simplest correlator admitting a nontrivial coordinate dependence,
and this coordinate dependence encodes the dimensions of operators living on the defect.
There are a number of ways to generate contributions to these correlators in the gravity
theory with a probe brane. At the leading order in the interaction with the brane (which in
the D3/D5 system is the same as leading order in gsM , a disc diagram in string theory), we
encounter three classes of diagrams in perturbative calculations, which are drawn in figure
5. Each diagram is independent of the others so it must individually lead to a contribution
with the form (5) to M∆1∆2(~y1, x1; ~y2, x2) ≡ 〈O∆1(~y1, x1)O∆2(~y2, x2)〉.
Below we present the general analysis for the various types of diagrams. We will only
consider the two-point functions of scalars, interacting with other bulk scalars as well as
brane scalars; generically intermediate higher spin fields would also contribute to the two-
point function of scalar operators but we do not consider them here. We adapt the method
of “without really trying” [26] that was created for evaluating CFT four-point functions.
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Type I Type II Type III
Figure 5: Diagrams appearing in the computation of 〈O4O4〉. The circle represents the
boundary of AdS5, where we insert the operators, and the vertical straight line crossing it
represents the AdS4 brane. The other solid lines are bulk scalar propagators, and the curly
line is a brane scalar propagator.
We work in Euclidean AdS, with quadratic terms normalized as
L = 1
2κ25
∫
d5z
√−g5
(
−R5 + 1
2
∑
i
(∂µφi∂
µφi +m
2
iφiφi)
)
+ (68)
1
2κ24
∫
d4z
√−g4
1
2
∑
j
(∂µ′ψj∂
µ′ψj +m
2
jψjψj)
 .
The Euclidean AdS5 metric is
ds2 =
1
z20
(
dz20 + d~y
2 + dx2
)
, (69)
where we have set the AdS curvature radius to one (it is easy to reinstate it if desired), and
the AdS4 metric is the same without the dx
2 term. From here on we will use the letters z
and w to denote the AdS coordinates, and d4z, d5z will be the volume elements of AdS4 and
AdS5, respectively.
5.1 Type I
The type I diagrams are the simplest, representing contact terms that involve only one
integral over an internal point. Moreover, the more complicated diagrams of type II and
type III can be shown to reduce to type I diagrams. We shall therefore begin with them.
Assuming that the brane action includes a coupling of bulk fields of the form
λI
∫
d4z
√−g4 φ1φ2 , (70)
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we find8 a contribution to the two-point function M∆1∆2 of the form
M∆1∆2 = −λI
∫
d4z
√−g4K∆1(z; ~y1, x1)K∆2(z; ~y2, x2) , (71)
where K∆ is the standard bulk-to-boundary propagator:
K∆(z; ~y, x) = C∆
(
z0
x2 + (~y − ~z)2 + z20
)∆
≡ C∆K˜∆(z; ~y, x) , (72)
with C∆ = Γ(∆)/(π
2Γ(∆− 2)). The contribution to the two-point function is thus:
M∆1∆2(~y1, x1; ~y2, x2) = −λIC∆1C∆2I∆1∆2(~y1, x1; ~y2, x2) , (73)
where
I∆1∆2(~y1, x1; ~y2, x2) =
∫
dz0d~z
z40
(
z0
x21 + (~y1 − ~z)2 + z20
)∆1 ( z0
x22 + (~y2 − ~z)2 + z20
)∆2
. (74)
This will be the standard object, in terms of which we will express the more complicated
diagrams. We use translation invariance along the defect to set ~y2 = 0, and denote ~y ≡ ~y1.
The integral can be performed using Feynman parameters, giving
I∆1∆2(~y, x1; 0, x2) = D∆1∆2
∫ 1
0
da
a∆1−1(1− a)∆2−1
(ax21 + (1− a)x22 + a(1− a)~y2)(∆1+∆2)/2
, (75)
where
D∆1∆2 ≡
π3/2
2
Γ
(
∆1+∆2−3
2
)
Γ
(
∆1+∆2
2
)
Γ(∆1)Γ(∆2)
. (76)
Based on the discussion in section 2 we expect the result of this integral to have the form
I∆1∆2 = f(ξ)/x
∆1
1 x
∆2
2 . This implies that if we define f(~y, x1, x2) = x
∆1
1 x
∆2
2 I∆1∆2(~y, x1; 0, x2),
it should be purely a function of ξ, so it should obey
(x1
∂
∂x1
+ x2
∂
∂x2
+ 2~y2
∂
∂~y2
)f(~y, x1, x2) = 0 (77)
and
(x1
∂
∂x1
− x2 ∂
∂x2
− 2(x21 − x22)
∂
∂~y2
)f(~y, x1, x2) = 0. (78)
By simple manipulations on the integral (75) it is easy to show that these equations are
indeed satisfied, so the expressions that we find here are consistent with the form (5) of the
two-point function, dictated by conformal invariance.
8Assuming that φ1 and φ2 are different fields; an additional factor of 2 arises if they are the same.
We may then solve (75) by simply setting ~y = 0 and restoring the full ξ-dependence at
the end. We find
I∆1∆2(ξ, x1, x2) =
π3/2Γ
(
∆1+∆2−3
2
)
Γ
(
∆1+∆2
2
)
2x∆11 x
∆2
2 Γ (∆1 +∆2)
ζ∆1 · 2F1
(
∆1 +∆2
2
,∆1; ∆1 +∆2; 1− ζ2
)
,
ζ ≡ 1 + 2ξ + 2
√
ξ(ξ + 1) , (79)
valid for ξ > 0. Although this is not manifestly symmetric between ∆1 and ∆2, it can be
shown to be so using hypergeometric identities. The small-ξ expansion of (79) is simply
I∆1∆2(ξ → 0, x1, x2) =
π3/2Γ
(
∆1+∆2−3
2
)
Γ
(
∆1+∆2
2
)
2x∆11 x
∆2
2 Γ (∆1 +∆2)
(1 +O(ξ)) . (80)
For odd ∆1 + ∆2, (79) reduces to nice rational functions of ξ, while for even ∆1 + ∆2
there is a logarithmic term, and the leading large-ξ behavior of I∆1∆2 is proportional to
log(ξ)/x∆11 x
∆2
2 ξ
max(∆1,∆2). In subsection 5.4 we explain these logarithms as resulting from
the anomalous dimensions of the reduced operators appearing in the BOPE of O∆1 and O∆2 .
As a simple example, I1 1(ξ, x1, x2) may be evaluated using either (75) or (79), giving
I1 1(ξ, x1, x2) = − π
2
4x1x2
√
ξ(ξ + 1)
log
ξ + 12 +
√
ξ(ξ + 1)
ξ + 1
2
−
√
ξ(ξ + 1)
 . (81)
Note that for ∆1 = ∆2 = 1 the integral (74) actually diverges, but we can still assign
to it the above value (following from (75)) by analytic continuation in ∆1 and ∆2. For
∆1 +∆2 = 3 there is a pole in this analytically continued expression, but it is well-behaved
for ∆1 +∆2 > 3. As another example, we have
I3 2(~y, x1; 0, x2) =
π2
(2x1)3(2x2)22(ξ + 1)2
. (82)
Note that −1 < ξ < 0 does not occur.
Instead of computing them directly, we can obtain all other I∆1∆2 with integer ∆1 and ∆2
by taking derivatives of (81) and (82). From the expression (75) we obtain the relation
∂
∂~y2
I∆1∆2 =
1
4x1x2
∂
∂ξ
I∆1∆2 = −
(
2∆1∆2
∆1 +∆2 − 3
)
I∆1+1∆2+1 . (83)
Furthermore, defining x˜2 ≡ ~y2 + x21 and holding it fixed, we can also obtain
∂
∂~y2
∣∣∣∣∣
x˜2
I∆1∆2 =
2∆1(∆1 + 1)
∆1 +∆2 − 3I∆1+2,∆2 . (84)
As we shall see, all the other contributions to two-point functions at leading order can be
written in terms of the functions I∆1∆2.
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It is worth noting that couplings with derivatives can also appear in the action on the
brane. For example, consider a term of the form
ςI
∫
d4z
√−g4 φ1(z0∂z3φ2) , (85)
where the brane is located at z3 = 0 and the restriction of the derivative of φ2 normal to the
brane appears in the interaction. This leads to the contribution
M∆1∆2(~y1, x1; ~y2, x2) = −ςI
∫
d4z
√−g4K∆1(z; ~y1, x1) (z0∂z3K∆2(z; ~y2, x2)) , (86)
where we set z3 = 0 for K∆2 only after acting with the derivative. We find
z0∂z3K˜∆(z; ~y, x) = 2x∆K˜∆+1(z; ~y, x) , (87)
and correspondingly
M∆1∆2(~y1, x1; ~y2, x2) = −2ςI∆2C∆1C∆2[x2I∆1∆2+1(~y1, x1; ~y2, x2)] . (88)
From the discussion above it is clear that x2I∆1∆2+1(~y1, x1; ~y2, x2) has the correct coordinate
dependence to satisfy the conformal invariance condition (5).
5.2 Type II
We assume a brane interaction between bulk fields φi, i = 1, 2 with associated conformal
dimensions ∆i, and a brane field ψ with associated conformal dimension ∆, of the form
2∑
i=1
λiII
∫
d4z
√−g4 φiψ . (89)
The contribution to a two-point function is then
M∆1∆2 = λ1IIλ2II(2κ24)C∆1C∆2
∫
d4w
w40
K∆2(w; ~y2, x2)B(w; ~y1, x1) , (90)
B(w; ~y1, x1) ≡
∫ d4z
z40
K∆1(z; ~y1, x1)G∆(u) , (91)
where G∆(u) is a scalar bulk-to-bulk propagator for the field ψ, depending on the chordal
distance between the points z and w,
u =
1
2z0w0
(
(~z − ~w)2 + (z0 − w0)2
)
. (92)
Note that the points z, w are both on the AdS4 brane.
29
We can use a method analogous to the “not really trying” method of [26] to determine
B(w; ~y1, x1); the idea is to use symmetries and the scalar wave operator to obtain an ordinary
differential equation for B. Poincare´ invariance requires that B depend only on z0, x1 and
|~z − ~y1|. Scaling all coordinates by a constant Λ, u is invariant and hence B → Λ−∆1B,
implying
B(w; ~y1, x1) = x
−∆1
1 J
(
η,
z0
x1
)
, (93)
where
η ≡ z0x1
z20 + x
2
1 + |~z − ~y1|2
(94)
is a scale-invariant combination of the variables. One can also check that η is invariant under
an inversion of all coordinates,
zµ → zµ
z2
, x1 → x1
x21 + y
2
1
, ~y1 → ~y1
x21 + y
2
1
. (95)
Under this inversion one finds that B and x−∆11 transform identically, meaning J is invariant;
since z0/x1 is not inversion-invariant, we must have simply
B(w; ~y1, x1) = x
−∆1
1 J (η) . (96)
Applying the AdS4 wave operator obeying (− +m2ψ)G∆(u) = δ(z, w) to (96), we obtain
the ODE for J , [
(4η4 − η2)∂2η + (8η3 + (d− 1)η)∂η +m2ψ
]
J(η) = η∆1 . (97)
Looking for a power series solution of the form
J(η) =
∑
k
bk η
k , (98)
we find
b∆1 = 0 , (99)
b∆1−2 =
1
4(∆1 − 1)(∆1 − 2) , (100)
bk−2 =
(k −∆)(k +∆− d)
4(k − 1)(k − 2) bk , k = ∆1 − 2,∆1 − 4, . . . , kmin, (101)
with kmin = ∆ and other bk = 0. The total contribution is then
M∆1∆2 = λ1IIλ2II(2κ24)C∆1C∆2
{∑
k
bk x
k−∆1
1 Ik,∆2(~y1, x1; ~y2, x2)
}
. (102)
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The amplitude has been reduced to a sum of diagrams of type I multiplied by a function
of coordinates. Each term has the correct form (5) dictated by defect conformal invariance.
This solution requires ∆1 − ∆ to be a positive even integer; a similar constraint appeared
in [26]. We do not know how to compute other type II diagrams where this constraint is
not satisfied. Of course, we can repeat the same analysis exchanging φ1 and φ2, and if both
∆1 −∆ and ∆2 −∆ are even integers we obtain the same answer in different forms.
5.3 Type III
Assuming a bulk interaction of the form
Sbulk =
1
2κ25
∫
d5z
√−g5 (φ∆1φ∆2φ∆3) , (103)
and a brane interaction
Sbrane = λ
∫
d4z
√−g4 φ∆3 , (104)
the usual manipulations result in the expression
M∆1∆2(~x1, y1; ~x2, y2) = λ
∫ d4w
w40
A(w; ~y1, x1; ~y2, x2) , (105)
A(w; ~y1, x1; ~y2, x2) ≡
∫
d5z
z50
K∆1(z; ~y1, x1)K∆2(z; ~y2, x2)G∆3(u) ,
where G∆ is now an AdS5 bulk-to-bulk propagator, and the chordal distance u now reflects
the fact that z is not pinned to the brane,
u =
1
2z0w0
(
(~z − ~w)2 + (z3)2 + (z0 − w0)2
)
. (106)
Note that the propagator generates a factor 2κ25 that cancels the factor from the coupling.
We notice immediately that the function A(w; 1; 2) is identical to the function A defined in
(2.11) of [26]. It involves integrating a point over the complete bulk, and is not aware of the
presence of the defect, other than the fact that w3 = 0. Hence one can take the results from
that analysis wholesale. We proceed by shifting ~y1 → 0 and inverting the coordinates into
primed coordinates, and we arrive at [26]
A(w; 1; 2) =
1
(~x12 + y12)2∆2
I(~w′ − ~y′12, w′3 − x′12, w′0) , (107)
I(~y, x, w0) = w
∆12
0
∑
k
ak
(
w20
w20 + ~y
2 + x2
)k
, (108)
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where the ak are given recursively by
ak = 0 for k ≥ ∆2 , (109)
a∆2−1 =
1
4(∆1 − 1)(∆2 − 1) , (110)
ak−1 =
(k − ∆3
2
+ ∆12
2
)(k − 2 + ∆3
2
+ ∆12
2
)
(k − 1)(k − 1 + ∆12) ak . (111)
This is the basic result of “not really trying”. The series terminates below at k = (∆3−∆12)/2
if ∆1+∆2−∆3 is a positive even integer. Again, we do not know how to evaluate the diagram
if this constraint is not satisfied. However, it seems that the constraint is always satisfied in
type IIB supergravity on AdS5 × S5 (though it is not satisfied in the full string theory, nor
in other backgrounds).
Assembling the total result for the diagram, including undoing the inversion and transla-
tion, one arrives at
M∆1∆2(~y1, x1; ~y2, x2) = λC∆1C∆2
∑
k
ak(~y
2
12 + x
2
12)
k−∆2I∆1−∆2+k,k(~y1, x1; ~y2, x2) . (112)
As with Type II, the problem has been reduced to a sum of diagrams of type I, each multiplied
by an appropriate function of coordinates. The contribution to (112) at a given value of k
will have the coordinate dependence
(~y212 + x
2
12)
k−∆2
(2x2)
(∆1−∆2+k)−k
(~y212 + x
2
12)
∆1−∆2+k
F (ξ) =
(2x2)
∆1−∆2
(~y212 + x
2
12)
∆1
F (ξ) =
F (ξ)
(2x1ξ)∆1(2x2)∆2
, (113)
which is indeed the proper form (5) for a dCFT two-point function.
Many diagrams will also contain derivative couplings. For example, instead of (103) con-
sider the interaction
Sbulk =
1
2κ25
∫
d5z
√−g5 (∂µφ∆1∂µφ∆2φ∆3) , (114)
along with the brane interaction (104). One finds
M∆1∆2(~y1, x1; ~y2, x2) = λ
∫
d4w
w40
A˜(w; ~y1, x1; ~y2, x2) , (115)
A˜(w; ~y1, x1; ~y2, x2) ≡
∫ d5z
z50
∂µK∆1(z; ~y1, x1)∂
µK∆2(z; ~y2, x2)G∆3(u) ,
where both derivatives are with respect to the z-coordinate. We can process this by means
of the identity (A.5) of [33] :
∂µK˜∆1(z; 1)∂
µK˜∆2(z; 2) = ∆1∆2
[
K˜∆1(z; 1)K˜∆2(z; 2)− 2(~x212 + y212)K˜∆1+1(z; 1)K˜∆2+1(z; 2)
]
.(116)
This reduces the problem to two diagrams of the non-derivative type. The former piece
manifestly produces a result of the correct form (5), and it is easy to see that the latter piece
does as well.
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5.4 From correlators to anomalous dimensions
We have now seen that a wide class of two-point functions in a dCFT can be expressed, in
the limit of large ’t Hooft coupling and to leading order in the defect interactions, in terms
of the functions I∆1∆2(ξ, x1, x2). In subsection 5.1, we saw that logarithms of ξ occur in the
large ξ limit of I∆1∆2 with ∆1+∆2 even. Like in the case of four-point functions in the usual
AdS/CFT computations [33], these logarithms have an interpretation in terms of corrections
to scaling dimensions of “intermediate states”.
As discussed in subsection 2.2, a primary defect operator On(~y) of dimension ∆n appearing
in the BOPE of both O∆1 and O∆2 will show up in the large-ξ expansion of 〈O∆1 O∆2〉 as
a term of order 1/ξ∆n. Thus, if the dimension ∆n is independent of gsM we should find a
power law behavior, while if ∆n = ∆
(0)
n + ∆
(1)
n gsM + . . . the expansion of the correlation
function will behave as
1
ξ∆n
=
1
ξ∆
(0)
n
(1−∆(1)n gsM log ξ + . . .) . (117)
In this way, subleading contributions to two-point functions can exhibit logarithmic correc-
tions at first order in gsM . This is completely analogous to the way that logarithms appear in
four-point functions in the standard computation of AdS/CFT correlation functions, where
they are related to anomalous dimensions of intermediate states appearing in the OPE.
This argument suggests that such a subleading correction can only appear if the leading
contribution (at zeroth order in gsM) is non-zero, but actually this is not necessarily the
case. If more than one primary operator On of equal dimension ∆(0) appears in the BOPEs
of O∆1 and O∆2 , it is possible for the leading contributions of the operators to cancel out
precisely, and then the second term in (117) can actually be the leading term in the two-point
function (if the different primary operators have different ∆(1)’s).
In the case of four-point functions, anomalous dimensions arose for intermediate composite
operators of the form [O1(x)O2(x)], even when O1 andO2 themselves did not have anomalous
dimensions. This can occur because of the need to regularize the operator product when the
two operators approach each other, for instance by a point-splitting regularization. The reg-
ularized composite operator formed from two chiral operators need not be chiral, and hence
need not be protected from acquiring anomalous dimension. In the dCFT case we similarly
find anomalous dimensions for “reduced operators” even when the ambient operators have
no anomalous dimensions.
For instance, consider an ambient operator O(~y, x) of integer dimension ∆. The two-point
function of this operator at zeroth order in gsM is just the two-point function without the
defect. This has a simple BOPE interpretation in which the intermediate states are just
the coefficients in the Taylor expansion of O around the defect, of dimensions ∆ + n for
n = 0, 1, 2, . . .. Now, suppose that at first order in gsM we have a type I diagram for the
dual field. This diagram gives a contribution proportional to I∆∆ to the two-point function,
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and the leading large-ξ contribution of this diagram to the correlation function behaves as
λ log ξ/ξ∆x∆1 x
∆
2 with λ ∝ gsM . Using (117) we interpret such a contribution as resulting
from the fact that the reduced operator [O](~y) ≡ limx→0O(~y, x), which had dimension ∆
at leading order in gsM , now acquires an anomalous dimension proportional to λ. Again,
it is natural to interpret the fact that the reduced operator [O](~y) acquires an anomalous
dimension even when the ambient operator O(~y, x) does not as related to the fact that
the limit limx→0O(~y, x) is non-trivial once interactions with the defect are introduced, and
a regularization method such as point-splitting is required to define the reduced operator,
which can lead to an anomalous dimension for these operators.
Similarly, the higher powers of 1/ξ in the expansion of two-point functions can be related
to anomalous dimensions of the higher reduced operators [∂nxO](~y) ≡ limx→0 ∂nxO(~y, x). In
general, operators involving the defect fields will also appear in the BOPE expansion of
the two-point function, but they cannot appear in the two-point function at first order in
gsM since their BOPE coefficients are themselves of order gsM . Thus, at leading order in
gsM the logarithmic terms in the two-point functions just teach us about the anomalous
dimensions of the reduced operators. As discussed above, these are relevant for identifying
locally localized fields.
We can also discuss the small-ξ limit of the correlation functions we find. As described in
section 2, this is related to one-point functions of intermediate operators appearing in the
ambient OPE of O∆1 and O∆2 . This interpretation is particularly clear for the case of type
III diagrams. These diagrams involve a bulk coupling of some field φ∆3 to φ∆1φ∆2 , which is
related to the OPE coefficient of the corresponding operator O∆3 in the OPE of O∆1 with
O∆2 , and they involve a one-point function of φ∆3 on the brane, which is directly related
to the one-point function of O∆3 . It is easy to check that the coefficients involved in these
relations all match, so the small-ξ limit of these diagrams agrees with our expectations. The
interpretation of the small-ξ behavior of type I and II diagrams is less straightforward; the
leading operator visible in the OPE expansion of diagrams of these types has dimension 2∆,
and can be identified with [O∆O∆].
Acknowledgments
We would like to thank Allan Adams, Neil Constable, Steve Giddings, Chris Herzog, Hirosi
Ooguri, Joe Polchinski, Lisa Randall and Johannes Walcher for useful discussions. We are
grateful to the Aspen Center for Physics for hospitality during various stages of this project
in the summers of 2001 and 2002. OA would also like to thank Harvard University, the
University of British Columbia, Stanford University and SLAC for hospitality. The work
of OA was supported in part by the Israel-U.S. Binational Science Foundation, by the ISF
Centers of Excellence program, by the European network HPRN-CT-2000-00122, and by
Minerva. OA is the incumbent of the Joseph and Celia Reskin career development chair.
34
OD would like to thank Harvard University and SLAC where parts of this work were done.
The research of OD was supported by the National Science Foundation under grant PHY99-
07949. The work of DZF was supported by the National Science Foundation under grant
PHY00-96515. The work of AK was partially supported by the DOE under contract DE-
FGO3-96-ER40956.
A Field theory conventions
Here we present the propagators necessary for evaluating the correlation functions in section
4. The toy dQFT consists of the d = 4 fermions λim and the defect fields Ψ
i, qm, (i,m = 1, 2).
We are not careful about whether the indices m, i are raised or lowered, but move them
around for notational convenience. We use the spinor conventions of [11].
The Ψi and qm are complex. The λim are composed of Majorana fields λ, χ
A, A = 1, 2, 3:
λim ≡ λδim − iχAσAim , λ¯mi ≡ λ¯δmi + iχ¯AσAmi , (118)
and the kinetic terms for the λ, χA are canonical:
− i
4
λ¯miγµ∂µλ
im = − i
2
λ¯γµ∂µλ− i2 χ¯Aγµ∂µχA . (119)
The action (40) has three continuous symmetries, the defect U(1)B, under which q and Ψ
both have charge 1, and SU(2)V × SU(2)H (acting on the indices i and m, respectively),
under which Ψ→ gVΨ, q → gHq, and λ→ gV λg†H, with TA = σA/2 the generators of SU(2),
leading to the currents (41).
We now consider the propagators, rotated to Euclidean space. For λim, one processes the
SU(2)V × SU(2)H indices according to
〈λim(z1) λ¯nj(z2)〉 = 2〈λ(z1) λ¯(z2)〉δijδmn ,
〈λim(z1) λjn(z2)〉 = 2〈λ(z1) λ(z2)〉ǫijǫmn , (120)
〈λ¯mi(z1) λ¯nj(z2)〉 = 2〈λ¯(z1) λ¯(z2)〉ǫijǫmn ,
where we suppressed spinor indices; the propagators on the right-hand side those of an
ordinary Majorana particle, evaluated below. In evaluating the above we used the Pauli
matrix identity:
σAijσ
A
kl = δijδkl − 2ǫikǫjl = 2δilδjk − δijδkl . (121)
The massless 4D and 3D scalar propagators are:9
〈X(z1) X¯(z2)〉 ≡ ∆12 = 1
4π2
1
(z12)2
, 〈q(y1) q¯(y2)〉 ≡ δ12 = 1
4π
1
|y12| . (122)
9Of course there is no field X in this model, but it is nonetheless useful to define the 4D scalar propagator.
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The massless 4D Fermi propagator is:
〈λ(z1) λ¯(z2)〉 ≡ S12 = γµ∂µ∆12 . (123)
Since λ is Majorana, we also have nonvanishing 〈λαa(z1) λβb(z2)〉 and 〈λ¯αa(z1) λ¯βb(z2)〉, de-
termined by λ¯ = λTγ0. The massless 3D Fermi propagator is:
〈Ψ(y1) Ψ¯(y2)〉 ≡ s12 = ρk∂k δ12 , (124)
which can be written as in a 4D notation as
〈Ψi(z1)Ψ¯j(z2)〉 = δij(γkP+) ∂kδ12 ≡ δij sˆ12 , (125)
where we define the projection matrices P±
P± ≡ 12
(
1± γ5γx
)
, (126)
where γ5 ≡ −iγ0γ1γ2γx is the chirality matrix. The projection matrices (126) obey
[P±, γ
k] = 0 , γxP± = P∓γ
x , P 2+ = P
2
− = 1 , P+P− = 0 . (127)
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